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Exact analytical solutions of three related axisymmetric mixed problems of the theory of elasticity are given. These problems
are concerned with the pressure of an annular or circular punch on a two-layer half-space taking into account cohesion and the
existence of an annular or circular crack at the interface of the layers. The formulation and solution of these problems are based
on a special regularization of the solution of the first fundamental boundary-value problem of the theory of elasticity for a single
layer when there are arbitrary normal and shear loads on its boundary planes. The solution is constructed by the Hankel
transformation method which ensures that the integrals converge for all stresses and displacements. © 2002 Elsevier Science
Ltd. All rights reserved.

The method of regularization of the basic solution, proposed in [1] and developed in [2] enables one
to reduce the initial problems to well-studied$ resolving systems of singular integral equations. This
approach is extended below to the formulation and solution of more complex contact problems for a
multilayer half-space with cracks at the boundaries of the layers.

1. THE FORMULATION OF MIXED PROBLEMS

The two-layer space under consideration consists of a layer of arbitrary thickness /1 and a base layer
of infinite thickness (a uniform half-space) which are given the numbers 1 and 2, respectively. The moduli
of elasticity E; and Poisson’s ratios v;(i = 1, 2) of the layers can take different and arbitrary values. We
take the origin of a cylindrical system of coordinates r, z as being in the interface plane of the layers
with the OZ axis directed upwards and orthogonal to the layers. In this system of coordinates, the upper
layer 0 <z < H and the base layer z < 0 are separated by the plane z = 0, and the plane z = H is the
upper boundary of the upper layer (Fig. 1).

The pressure P of an annular or circular coupled punch r; < r < ry(r; = 0) is applied to the boundary
z = H, there is an annular or circular crack r; < r < ry(r; = 0) in the interface plane z = 0 and, outside
the crack, the conditions for rigid adhesion of the layers, which ensure the continuity of the normal
and shear stresses and displacements, must be satisfied. In the first problem, the punch and the crack
the annular, where r; > r, (version 1) and r4 < r; (version 2). In the second problem, the punch is annular
and the crack is circular r; = 0, ry < ry and, in the third problem, the punch is circular (r; = 0) and the
crack is annular (r; > r;). In all of the above-mentioned problems, arbitrarily specified symmetric normal
and shear loads are applied to the edges of the cracks. We are particularly interested in problems with
load-free cracks which, under the action of a punch, are capable of opening in the case of specific elastic
and geometric characteristics. These characteristics can only be established by numerical solution of
the problems, thereby confirming the correctness of their formulation, as has been shown previously
[1].

The regularized basic solution of the fundamental boundary-value problem for a single layer described
below and the solutions of mixed problems for a two-layer half-space are given in the dimensionless
variables p = r/a, t = z/H, where a is a certain value of the radius r, which is taken as the linear unit of
measurement. In the numerical solutions of the problems, it is convenient to equate the quantity a, for
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example, to r; or r4 (Fig. 1). The magnitudes of the ratios A = H/a, p; =rj/a (j = 1,2, 3,4), 8 = Ey/E,,
x = 8(1 + vy)/(1 + v;) are the characteristic geometrical and elastic parameters of mixed problems.
On the dimensionless axis Or, the upper layer (i = 1) is located in the interval 0 =< ¢ < 1 and the base
layer (i = 2) is located in the unbounded interval — < ¢t < 0. We will denote the normal and shear
stresses and the axial and radial displacements in a layer by 6,,(p, 1), T,.;(p, ), wi{(p, t) and u,(p, t), where
i = 1, 2 is the number of a layer.

2. THE REGULARIZED BASIC SOLUTION OF MIXED PROBLEMS

The regularized basic solution of mixed problems for a two-layer half-space was constructed [2} with
the following boundary conditions on the external surface ¢+ = 1 and on the interface of the layers
t=90

Su =PI+ PP Ty =q(P)+qi(p) when r=1 (2.1)

Gzl = 0:2 = pO(p)‘ trzl = trz2 = qO(p) when =0 (22)

where p;(p) and g;(p) (j = 0, 1) are arbitrary functions on the semi axis 0 < p < o, which can be
represented by the Hankel integrals

p;(P)=[ BB, (B)o(PP)dB, 4,(p)= [ BF;(B)/,(pB)dB (2.3)
0 0

ﬁ,-(B)={ pp;(P)o(PB)dp,  ;B)= [ pg;(p)/;(pB)dp (2.4)
0

Pi(p) and g3(p) (0 < p < o) are functions, which are as small as desired, intended for the regularization
of the solution of problem (2.1)-(2.4) in the case of a single upper layer (i = 1). They will be presented
and justified below. The following constructive representation of the axial and radial displacements
wi(p, t) and u;(p, ) (i = 1, 2) on the boundaries of the layers ¢ = 1 and ¢ =2 are required from this
solution for the mathematical formulation of the mixed problems considered

WP =] Ayi(t.BoPBIB, w(p.1) = [ 8,(1.B), (PP 2.5)
0 0
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2 (t,B) = B (14 v)aD,(t.B), i=12
D, 1 (k. B) = Aty (BB (B) + Ao (BYPo(B) + Ay (B)Z (B) + Ayt BYGo (B
V= k=0 (2.6)

D, 2(0,B) = Ay00 B0 (B) + BuyooZoB), v = w,u

The functions A,,,(B) and the constants A,y (v = w, u;s = p,q; k,m = 0, 1) are given by the following
formulae

ApAwpl 1 =4 (E.:3§4 + 4&'I§§)

A8 o1 ==Bp8 10 = 2a,8,(83+§,&y)
Aquqll = ApAule = blé% + 4&%&%

AquqIO = AquqOI = _ApAupOI = 20]&1@2&3
AL A0 =208, (R(bE; —§84) - EE3)
ABun = a,(§384 - 4§|§§)

BB 10 = 2085 (B R+ 183 +(R-1)5,8,)
Ayl 00 =) (§3(84 — REy)+ 4§|§%)

BgA g0 = bi(1+ 5 RET +4(1 - R)ETES 2.7
ApAMPOO = bl§3(€3 +al R§4)+ 4&]&0%(&1 -4q R)
A A 01 =2a,8,(83-8,84)

AyA 00 = 4 (4(1- RIEES — (1+ b RIE;ES)

A, =&+ aRE) +4E 8 (q R-E))
A, =(1+bRE] +4(R-DETE]

AWPOO = AuqOO =21 ~v,), AupOO = AquO =1-2v,

a=201-v)), b=1-2v,, & =B, & =exp(-AP), & =1-&}, &, =1+&

The representation of the intensity functions of the normal and shear loads in boundary conditions (2.1)
on the semi-axis 0 =< p < o, corresponding to solution (2.5)—(2.7) have the form

Py (PY=~ BR(B)A,,,1,(B)Jo(pP)dB
0
(2.8)
41 (P) =~ BR(B)A,q1 (), (pP)dB
0

where A,11(B) (s = p, g) are functions which are represented by formulae from (2.7), where it is assumed
that :

R(B)=¢eexp(-nP), O<e<l, n>Il (2.9)

The introduction of the load intensity functions pj(p) and g3(p) (2.8) into boundary conditions (2.1)
is solely intended to ensure, through the function R(B), the convergence of the integrals (2.5) which,
in the case when R(B) =0 and, therefore, when pi(p) = ¢1(p) =0, diverge at the lower limits. However,
it is required here that the moduli |p7(p)| and |¢7(p)| (0 < p < =) and the modulus of the principal
overload vector pj(p) (the principal overload vector ¢7(p) vanishes by the symmetry condition) should
not exceed the quantity § = 8(g, n) > 0, which is as small as desired and depends on the constants €
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and n of the function R(B) (2.9). When ¢ — 0 and n — o, we have 8(g, n) = O(n"Ve/n ), and,
consequently, the functions pi(p), qi(p) in boundary conditions (2.1) can be interpreted as
infinitesimal functions of the regularization of the basic solution while retaining its form and an accuracy
which may be as high as desired.

To formulate the mixed problems, we write out the principal and higher terms of the asymptotic
expansions of the functions (2.7) as B — e

Bupit Bugits = Bupoos = Bugoo ~ 2(1=V1)+ 801 =V E BR(B)
Awal‘ Aupll’ AquO’ AupOO - 1_2\,] +8(1 -V )&f(B)&%(B) (210)
_Awplo’ AwaO’ _AupIO’ Auqu

Aprl ’ AquI' - AupOl T AuqOI ~4(1- Vl)gl (B)§2(ﬁ)

3. FORMULATION AND SOLUTION OF THE MIXED PROBLEM FOR
AN ANNULAR PUNCH AND CRACK

Non-zero axial displacements and zero radial displacements are specified in the external boundary of
the two-layer half-space ¢ = 1 in the contact area for the coupled punchL; = (0 < p, <= p < p,)

E
——L—w =—h+Y(p), ¥ =0 (3.1
{(i+vy)a
and zero axial and shear stresses
6,=0 1,=0 pel (3.2)

outside the contact area for the punch L, = (0 € p < py, p2 < p < ).

We will now explain that, under conditions (3.1), the constant A is expressed in terms of the depth
of loading of the punch into the layer wj according to the formula A = E\wy/[a(1 + v;)} > 0, while the
function y(p) = 0 describes the surface of the base (the bottom) of the punch.

The axial and shear stresses

0,=0,2=PuP) Tu=Tn=49(P) Ppel;s (3.3)

are specified on the interface of the layers ¢ = 0 in the upper and lower edges of the annular crack in
the region L; = (0 < p3 < p < py) and the conditions

W =Wy, U =Uy, PEL, (3.4)
for the continuity of the axial and radial displacements must be satisfied outside the crack in the region
Li=(0=p<pyps<p<e) . ] ) , -

Furthermore, in the region L, the basic solution automatically satisfies the conditions for the

continuity of the axial and shear stresses

G,=0C,, T,=1 pel, 3.5

rz2»

Substituting the formulae of the basic solution (2.1)~(2.6) into boundary conditions (3.1)~(3.4), we
obtain the following system of dual integral equations in terms of the Hankel transform

T D, (1,8)Jo(pB)dB = -A+¥(p), | D, (LB, (pP)dB=0, pel, (3.6)
0 0

T PP, (B)Jo (pB)dB =0, Z BZ (B)/,(PB)dB =0, pel, (3.7)
0
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[ BPoB)o(PBYIB = poy (). | BZo(B)/y(pB)AB = g0, (p), peLy (3.8)
) 0

T D,2(0.B)Jo(pB)dB =0, [ D,12(0.B)/,(pB)B =0, pelL, (3.9)
0 0

The functions Dy12(0, B) = Dy1(0, B) - xDw2(0, B) (v = w, u) are represented by formula (2.6) for
Dy1(0, B), taking into account the replacement of A,;00(B) (v = w, u; 5 = p, q) by the following functions
AUsU(B)

Ao =Byp00 —2(1= V)X Ao = Bgoo —(1—2V5)X
(3.10)
A“PO = AOPOO - (1 - 2V2 )X’ AuqO = AuqOO - 2(] -V, )x

Taking boundary conditions (3.2) into account, we write their Hankel transforms in the form

BiB)= [ pri(P)o(PBYdp.  §,(B)= [ pay(p)J;(pB)dp (3.11)

L L

It can be seen that, according to the inversion theorem Hankel transforms (3.11) automatically satisfy
conditions (3.7) and, therefore, these conditions are excluded from any further consideration of the
system of dual integral equations (3.6)—(3.9).

When account is taken of (3.11), the remaining system of dual integral equations (3.6), (3.8) and
(3.9) can be immediately reduced to a system of singular integral equations on the unbounded contour
(L1, L4), which give rise to additional difficulties in the analytical and numerical investigation of the
system of singular integral equations. It is therefore advisable initially to transform the system of dual
integral equations (3.6), (3.8) and (3.9) to an equivalent system of dual integral equations, that sub-
sequently reduces to a system of singular integral equations on the bounded contour (L,, L3) which is
convenient for analytical and numerical investigations. In order to implement this approach, in the system
of dual integral equations (3.6), (3.8) and (3.9) we will change from the transforms py(B) and g,(B) to
the new Hankel transforms f(B) and g(B) using the formulae

fB)=D,,(0.8), 2(B)=D,,,(0.B) (3.12)

The Hankel transforms f(B), g(B) correspond to specific unknown functions f(p), g(p) on the contour
L and are represented by the Hankel integrals

F®)= [ pf®)Jo(PB)dp. E(B)= [ pe(p)J,(pB)dp (3.13)

Ly Ly

When account is taken of the above-mentioned constructive expressions for the functions D,,;,(0, B)
(v = w, u), equalities (3.12) represent a system of functional equations in the transforms f(B), g(B),

Pe(B), Gu(B) (k =0, 1). _
From this system, we find expressions for the transforms py(8) and g,(B) in terms of f (B), 2(B), p1(B)
and §1(B)

PoB)=N,B). ZPB)=N,(B) (3.14)

N, (B)= Ay fB)+ 8,,E(B)~ BB (B)— By (B) v = w,u) (3.15)

where
Auf = Awqo /qu, A,,g = ‘Auqo /qu

ij = —'Awpo / qu, Awg = A“po / qu (316)

qu = AupOAqu - AuqOApr

qls =AlfAu501 +AngwsOI' U=wu, s=pq (317)
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Substituting formulae (3.14) into Egs (3.6) and (3.8) and formulae (3.12) into Eq. (3.9), we obtain
the following system of dual integral equations in the transforms p(B), g:(B), f(B), 8(B)

T M, (B)o(pBYdB =-h+Y(p), [ M, (B}, (pB)dB=0, pel, (3.18)

0 0

[ BN, (B)o(oB)B= py(P), | BN, (BY, (0BYB=aon(P), P Ly (319)

0 0

T 2B)o(oBdB=0, | 7B, (pB)B=0, pelL, (320)

0 0

where

M, (B)= 8,5, (B)+ Ay @i (B)+ B, F(B)+ B 8(B), v =w,u (3.21)
Aus = Au.rll - AuplOBu,\' - AquOBws’ v=wu s=pgq (322)
By = ApioBu + DgroByy, v =wu L=f.g (3.23)

We then carry out the following transformations of Eq. (3.19) and (3.20): we multiply the first equation
of (3.19) by p and integrate with respect to p within the limits from p; to p and then divide by p; we
integrate the second equation of (3.19) with respect to p within the limits from p; to p, differentiate
the first equation of (3.20) with respect to p, multiply the second equation of (3.20) by p and differentiate
with respect to p and then divide it by p. As a result, the transformed equations have the form

T N.B)/, (pB)dB = G(p)+ f | N B)oeP)dB = F(P)+C. pel, (3.24)
0 0
[ BE®),(pP)dB=0. | BFB)o(pP)dB=0. pe L, (3.25)
0 0
1P p
Gp)=— | xpp(x)dx, F(p)=~] gg(x)dx (3.26)
p P3 P3

D and C are arbitrary constants which are determined below. According to the inversion theorem Hankel
transforms g(B) and f (B) given by (3.13) automatically satisfy Egs (3.25) and, consequently, the unknown
transforms p1(B), 7,(B), f (B) and g(B) are now determined by the system of equations (3.18) and (3.24)
only on the bounded contours L = (0 < p;<p =py)and L; = (0 < p3 < p < py).

Next, using the asymptotic form (2.10) and equalities (3.10), we separate out the principal terms of
the functions A, (B) (v = w, u;r = p, q, f, g) (3.22), (3.16) when 3 — oo

(Bups B )= a +(8,,,8,) (A,,.8,,)=b +(A,,.4,)

3.27)
(Bop B, )= 8 + (A1 AL) (AL Ay )= by +(A,,,Ay)
where the constants a; and b, are determined by formulae (2.7) and
ay =cld® =c?), by=dNd*-c?)
c=2(1-v;+(=vy)y)., d=1-2v,—(1-2v,)x (3.28)

When § — oo, the functions A},(B) and B,,,(B) (v = w, u; r = p, g, f, g), defined by formulae (3.27),
(3.23) and (3.17), are of the order of infinitesimal functions

A, = OEIPEIBY. B, = OE,(B)E,(B)) (3.29)
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The mathematical apparatus used to investigate the analogous system of equations in the basic mixed
problem can be extended completely to system of integral equations (3.18), (3.24), taking account of
formulae (3.27). On applying it, we reduce the above-mentioned system of equations for the transforms
to the following system of two integral equations, with Cauchy kernels for complex functions of the
real variable w;(x) = @;(x) + i%;(x) and their conjugates w;(x) = @;(x) - i i(x) (j = 1, 2), which solves
the initial problem

Here

a.(o.(x)+£L p}j wf_(t) —i pjn Hj(x.0)0, () + Hj, (x, nw, (1)
j} nipzj-x t-x T n=1 g,y \/(x P2jaXt=Payy)
2 %™

T X = P2

Hip (1) = Koo ju (X ) E K1 (5,0 + 11K g (X, 1) F Koy 1y (x,1)]
Koojn = xtGooju + iMoo s Koijn = xGoyjn +0;Moy jn

Kiojn =1Gi0jn + ;Mg Ky1ju =Gy ju +a; My,

kajn = (I) bkmjnSkj(x, B)Smn([, B)dﬁ, k,m = 0, 1

oo = 8%, B) bor = ALy B), by = A,B), by =45,B)
boor2 = By (B).  boiiz = Bg(B).  bio2 = By (B),  byjiz = B (B)

booa1 = =B, (B bor2 =_BWq(B)’ bioy = —Bup(B)» by =-B,

boozz = By (B boiny = AL (B), biopy = Ay (B), by = AL, (B)

J J
sotepr= PR g g | gy

X+pPgjg P2t Y X —p°

Slj( B)_ pzl | l(pZ_, lB)+Bm J’ p‘IO(pB)

X+pPyi pajt YX° —p?

_ 2my(x,1)

ij ’ k= O,‘
%l (e
t x
Mo, = ﬂ;(x MED L e, M.ol-,-=—"'( D )
xt

[ n;(x)——ng(t))

mwlj 2( 2 —t )

1
myj; = —Paj + o (M3 (x) —m; (1))

2(x° —1%)
2
+ x | -pyi 1
NP1 = J(x 2, e 2Py ), le(XJ)=m m-%’:'-‘z‘
X+Paj

2 2
M(x)=x2=p3,_)n
3() ( 921_1) 21

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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My, =0j#n; kI1=0,1

Y p)ydp
®,(x) = (Y(p)) - h) J-—m/x p.I J— (3.36)
x x _p

T da@)dp PP (P)dp L Cx+iD
D, (x)=x—p;| —x j (3.37)
2 3 p{ Jx2-p? ey yx?-p? T

Note that the functions My;(x, ) (3.35), defined in the squares po;; < x,t < py; (j = 1, 2) have a
removable singularity on the diagonals ¢ = x. The values of these functions when ¢ = x are assumed to
be equal to the limiting values when ¢ — x which are determined using I’'Hopital’s rule.

The unknown transforms pl(B) Ch(B) (3.11) and £ (B), 8(B) (3.13) are expressed in terms of the real
parts @;(x) = Re w;(x) and the imaginary parts 9;(x) = Im w;(x) of the complex functions of the real
variables w;(x) (j = 1 2), which satisfy the system of singular 1ntegral equations (3.30) using the formulae

pjz X(pl(x)SOI(va)dx, ‘71(ﬁ)=pj2 ﬁl(x)sll(xrﬁ)dx

p(B)= (3.38)
P =P pI X=pP

_ p P

fB) = f de, zPB) = f M(u (3.39)
P3 X=P3 P3 X=P3

From the theory of the identity transformation of the system of equations (3.18), (3.24), it automatically
follows in the system of singular integral equations (3.3), in the case of transforms (3.11) and (3.13),
that the transforms p,(B), §1(B) (3.38) and f(B), g(B) (3.39) reduce all the equations of the system (3.18),
(3.24) and the initial system (3.18)-(3.20), with the possible exception of Egs (3.20), to identities. These
last equations (3.20) are differentiated with respect to p during the transformation process and, therefore,
need to be checked by substituting the transforms f(B) and g(B) (3.39) into them. A check showed that
Egs (3.20) are only satisfied in the case of the additional conditions [2]

P4 Pa
[ Z1C N (N F1C.) B (3.40)

2 2 ’ 2 2
Py X" =P3 Py X" —P3

from which the arbitrary constants C and D, on the right-hand side of the system of singular integral
equations (3.30), appearing in the function ®,(x) (3.37), are determined.

In order to satisfy conditions (3.40), we will seek the solution of the system of singular integral
equations (3.30) in the form

®;(x) = 0 ;,(x)+ CO 5 (x) + Dw ;3(x), j=1,2 (3.41)

where ;1(x), w;>(x) and w;3(x) are particular solutions of the system of singular integral equations (3.30)
which, respectlvely, take account of its right-hand side: (1) C = D = 0, (2) ®4(x) = 0, D,(x) = x/Nx + p;
(C=1,D =0)and (3) ®i(x) =0, O,(x) = iNx + p3 (C = 0, D = 1). On substituting the real part
Q%) = ©21(x) + Coyy(x) + Doy3(x) and the imaginary part 9;(x) = 8,1(x) + COy(x) + DO,3(x) of the
function w,(x) (3.41) into equalities (3.4), it is easy to write out the closed system of two algebraic
equations in the constants C and D from which they are calculated.

4. THE MIXED PROBLEM OF AN ANNULAR PUNCH
AND A CIRCULAR CRACK

The mixed problem of an annular punch and a circular crack is considered as a special case of the
problem from Section 3 when p; < p; and p; = (. At the same time, it is of interest in its own right.
Its formulation and solution repeats all the calculations presented in Section 3. Formally, it reduces to
the system of singular integral equations (3.30) on the bounded contour

(L L§)=(p, <p<py 0<p=p,)
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which is easily written out by assuming the values of p;; and p,,_; when j, n = 2 in all the formulae
(3.30), (3.34), (3.35) and (3.37) to be equal to zero. In this case, the form of the following functions is
simplified

S0 (1B =cosYB)/y,  Sip(3BY=fysinyB), y=x.1
(4.1)
Mooy (X, 1) = My 50 (X,0) =0, Mypp(x,1) = Mgy (x,1) = Vxt /[2(x + 1)}

However, the system of singular integral equations (3.3) on the contour (L, LY) is inconvenient for
investigating the problem being considered due to the fact that mathematical difficulties are encountered
in constructing a closed, ana Oyt1ca1 solution of the characteristic system of singular integral equations
(3.30) on the contour (L;, L3) in the appropriate class of functions (continuous and bounded at the
crack centre p = 0 and unbounded at the end p = p,4) and, consequently, regularization of the initial
complete system of singular integral equations by the Karleman—Vekua method. In order to avoid these
difficulties. It 1s best to transform identically the system of singular integral equations (3.30) on the
contour (L, L 3) into an equivalent system of singular integral equations on the contour

(L), L3)=(p, SP< Py, —PsSP<p,) (4.2)

by writing the first equation on the contour L, = (p; < p < p,) when p; = 0 and the second equation
on the contour L} = (-p4 < p < p,). In this case, the functions My(x, t) and My;5,(x, t) (4.1), when
account is taken of the evenness of @,(¢) and the oddness of ©,(¢), change from the regular part into
the singular part of the system of equations, the continuity of the new kernels.

AE = HY (0 /N1, Hi = Hy(on/Nx, HY = Hy(xun/dx

is taken into account and the free function ®,(x) (3.37) is replaced by the function

o,z(p)dp ij Pru(e)d P rc+il (4.3)

@, (x)=-x j el
o \xl-p? o 4x?-p? x
On taking account of what has been said above, writing out the system of singular integral equations
(3.3) on the contour (L, L3) does not present any difficulties whatsoever.
The required transforms p;(B), :(B) and f(B), g(B) are defined in terms of the real parts ¢;(x) and
imaginary parts 9;(x) of the complex functions of the real variable w;(x) (j = 1, 2), which satisfy the
system of smgular integral equations (3.30) on the contour (L, L3) (4 2) using formulae (3.38) and

- P4 P4
fB®) = [ @y(x)cos(xBydx, Z(P)= [ Vy(x)sin(xP)dx (4.9)
0 0

Substitution of the transforms g(B), f(B) (4.4) into Egs (3.20) shows that the first equation of (3.20) is
automatically satisfied while the second equation is only satisfied subject to the additional condition

Pa
[ 02(x)dx=0 (4.5)
0

from which the arbitrary constant C, occurring in the function ®,(x) (4.3), is determined. The second
constant D in relation (4.3), as an un-called for constant, is taken as being equal to zero.

In order to satisfy condition (4.5), we will seek the solution of the system of singular integral equations
(3.30) on the contour (L,, L3) (4.2) in the form

where w;1(x), w;2(x) (j = 1, 2) are particular solutions of the above-mentioned system of singular integral
equations taking into account, respectively, (1) C = 0, D = 0 and 2) &;(x) =0, ,(x) = 1 (C = 1,
D = 0) on its right-hand side. On substituting the real part @,(x) = ©;;(x) + C@,:(x) of the function
w2(x) (4.6) into equality (4.5), it is easy to write out the linear equation for determining the constant
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5. THE MIXED PROBLEM OF A CIRCULAR PUNCH
AND AN ANNULAR CRACK

The mixed problem of a circular punch and an annular crack is considered as a special case of the
problem from Section 3 when p; > p, and p; = 0. In this case, the form of the following functions are
simplified

So1(3.B)y=cos(yB)/\fy. S, (. B)=+[ysin(yB), y=x.t
Mo (. 1) = My, (.= 0, Mgy, (6. 0) = Mgy (x,0) = Vxt /[2(x + 1)) (5.1)

By analogy with the problem from Section 4, it is advisable to transform the system of singular integral
equations (3.30) to the equivalent system of singular integral equations on the contour

(L L) =(-p, <p<p,, p3<p=<p,) (5.2)

by writing the first equations on the contour L] = (-p, < p < p,) and the second equation on the contour
L3 = (p3; = p =< ps) when p; = 0. At the same time, when account is taken of the evenness of ¢,(¢) and
the oddness of 9;(¢), the functions My11(x, 1), M1011(x, t) (5.1) change from the regular into the singular
part of the system of equations, the continuity of the new kernels

HY = HE (o /xt, HY = HS5(x0/\x, Hi = Hi(xn/t (5.3)

is taken into account and the free function ®;(x) (3.36), taking account of the equality y(0) = 0, is
replaced by the function

B,(x)=—h+x] DR (5.4)
0 xZ-p

The required transforms p(B), ,(B) and f(B), g(B) are defined in terms of the solution of the system
of singular integral equations (3.3) on the contour (L7, L3) (5.2) @;(x) (j = 1, 2) in the form (3.41)
using formulae (3.38) and (3.39) when p, = 0 taking account of the functions Sy, (y, B), S;1(y, B) (5.1).

The arbitrary constants C and D, occurring in the functions ®,(x) (3.37), are determined using the
technique employed in Section 3 from conditions (3.40). At the same time, the functions ®;(x) (3.36)
is replaced by ®,(x) (5.4).
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